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In this paper, we mainly discuss an optimal portfolio selection model with liability
management and Markov switching which maximize the expected final surplus under
constrained variance. Because linear quadratic control is a basic method for the M–V
problem, in this paper we begin with the general stochastic linear quadratic model, and
obtain the optimal solution of the problem. Exactly, the analytical optimal portfolio strategy
is derived in this paper. Furthermore, we demonstrate that a special case is consistent with
those results of Chiu and Li (2006) [3].
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Portfolio theory is an important tool for investment in the market selection and the equilibrium conditions. It is the
foundation of modern financial investment. This theory showed that an effective portfolio depends on two factors namely,
the effectiveness ofM and V . Since Markowitz’s portfolio theory has been put forward, how to apply this theory in practical
investment decisions, especially in portfolio investment analysis, becomes a major issue to economists. Samuelson [1]
extended Markowitz’s study to a dynamic system, which describes the long-term and short-term investors who make
the same decision-making constraints, and take into account the discrete time investment model with consumption and
consider the case of a maximized consumption investment function.
There are some differences between the real market and the academic research literature. And a crucial point in this
case is the company’s liability management. Today, banks, fund companies and other financial institutions have spent a
lot of time considering the portfolio problem with debt, so our research would be more realistic if liability management is
described in the model. Leippold et al. [2] obtained the multi-stage optimal portfolio strategy with debt and the efficient
frontier. Chiu and Li [3] used the M–V criteria in the continuous-time case. They think that the value of risky assets and
liabilities are expressed as the same geometric Brownian motion. Xie et al. [4] investigated the continuous time portfolio
debt problems under the incomplete financial market, in which debt is also expressed with the Brownian motion, which,
however, has correlation with risky assets.
On the other hand, the regime switching process refers to the development of the transition from one state to another.
Ang and Bekaert [5] considered the portfolio problem under regime switching from the perspective of American investors,
which assumes that investors can buy stocks in the USA and other countries and be allowed to possess risk assets and risk-
free assets at the same time. Zhang [6] obtained the optimal trading strategy described by the geometric Brownian motion
model, in which the geometric Brownian motion is in conjunction with a finite-state Markov chain.
In recent times, the applications of Markov regime switching and the debt problems in a portfolio have become awidely-
discussed topic. Zhou and Yin [7] studied the continuous optimal investment strategy with the Markov regime switching
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and obtained the efficient frontier, in which the market parameters depend on the market model transformation within a
finite state. Chiu and Li [3] obtained the optimal investment strategy and the mean–variance efficient frontier in stochastic
linear quadratic control, in which the assets and liabilities are not contained in Markov regime switching. Almost at the
same time, Chen et al. [8] and Xie [9] considered the continuous time portfolio selection problem with debt and regime
switching. The criterion theyused is the ‘‘mean–variance’’ approach, namely,minimumvolatilitywhen the expected benefits
is a definite value. Expressed by a mathematical formula: the expected benefits, E[X(T )] = z, and the objective function
J(X, i0, π(·)) = E[X(T )− z]2 get a minimum.
Another useful criterion is assuming the variance bounded, and the final surplus reaches maximum value. Mathematical
analysis: Var[S(T )] ≤ ι, and make E[S(T )] to maximize, where S(T ) is the final surplus, which is the final total assets
minus debt. The latter objective function is obviously significant in a real finance situation, for example, an investor seeks
to maximize the benefits while investment risk is in a certain range. In the preposition of some investors who seek high
returns, accepting appropriate risk to achieve the maximum benefit is worth considering and investigating.
In this paper, we consider an optimal portfolio with liability management and Markov switching under the constrained
variance. We select the latter evaluation criterion, assuming that in the current market, and apply Markovian regime
switching geometric Brownian motion to represent the prices of risky assets, and at the same time, the total liability is
also expressed by Markovian regime switching. Following the ideas of Chiu and Li [3], we use a stochastic linear quadratic
control structure to address the M–V portfolio problem in continuous-time circumstances. However, the model we study
is the process with Markov regime switching. We assume a continuous time Markov chain in the state of the N discrete
states of transformation. As a special case of our model, when N = 1, our model becomes a single state of the optimal
portfolio choice problem. Compared with [9], the stochastic linear quadratic problem that we consider is more general and
the problem-solving ideas that we think about are clearer. The problem that we consider aims to maximize the expected
final surplus in the assumption that variance is within a certain range. And it makes our model more general. In this paper,
themain problemwhichwe encountered is how to obtain an explicit solution in theN inter-related states. Another difficulty
is by which means can we get the minimum value of quadratic form in the stochastic differential equations with Markovian
switching.
2. Practical considerations
Definition 2.1. We denote by (Ω,F , {Ft}t≥0,P ) a complete probability space with a filtration {Ft}t≥0 satisfying the usual
conditions. LetW (t) = (W1(t),W2(t), . . . ,Wn(t))T be a given n-dimensional Brownian motion defined on the probability
space. Let r(t), t ≥ 0, be a right-continuous Markov chain on the probability space taking values in a finite state space
S = 1, 2, . . . ,N with a generator give by T = (γij)N×N
P(r(t +∆) = j|r(t) = i) = γij =

γij∆+ ◦(∆), if i ≠ j;
1+ γii∆+ ◦(∆), if i = j (1)
where∆ > 0, and γij ≥ 0 is the transition rate from i to j if i ≠ jwhile γii = −∑j≠i γij.
We assume that the Markov chain r(·) is independent of the Brownian motionW (t).
We consider a financial market in which one risk-free bond and m risky stock are traced continuously within the time
horizon [0, T ],m ≤ n.
The process of the risk-free asset A0(t) is subject to the following differential equation:
dA0(t) = A0(t)α(t, r(t))dt,
A0(0) = a0 > 0 (2)
where α(t, r(t)) is the risk-free rate of the bond modulated by a Markov chain.
The remainingm risky asset’s price satisfies the following stochastic differential equations:dAk(t) = Ak(t)βk(t, r(t))dt +
n−
j=1
Ak(t)λ
j
k(t, r(t))dW
j(t),
Ak(0) = ak > 0, k = 1, 2, . . . ,m
(3)
where βk(t, r(t)) is the appreciation rate of the asset k and λj(t, r(t)) is the volatility of the jth asset. λj(t, r(t)) =
(λ
j
1(t, r(t)), λ
j
2(t, r(t)), . . . , λ
j
m(t, r(t))).
We assume that the investor’s own initial wealth χ0 and liabilities with an initial value ℓ0. The investor’s accumulative
liability at time t is denoted by L(t), and the liability price process is modeled asdL(t) = L(t)µ(t, r(t))dt +
n−
j=1
L(t)ν j(t, r(t))dW j(t),
L(0) = ℓ0 > 0
(4)
where µ(t, r(t)) and ν j(t, r(t)) are the appreciation rate and volatility of the liability value process. All functions are
assumed to be measurable and uniformly bounded for all t ∈ [0, T ].
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Let Nk(t) denote units of asset k, X(t) contain two parts: S(t) and L(t), then we denote the surplus process by S(t) =
X(t)− L(t).
Define X(t) =∑mk=0  t0 Nk(s)dAk(s) and Zk(t) = Nk(t)Ak(t), then we can obtain
dS(t) =
m−
k=0
Zk(t)α(t, r(t))dt +
m−
k=1
Zk(t)[βk(t, r(t))− α(t, r(t))]dt − L(t)µ(t, r(t))dt
+
m−
k=1
n−
j=1
[Zk(t)λjk(t, r(t))− L(t)ν j(t, r(t))]dW j(t). (5)
Denote βk(t, r(t))− α(t, r(t)) = bk(t, r(t)), B(t) = (b1(t), b2(t), . . . , bm(t)), Z(t) = (Z1(t), Z2(t), . . . , Zm(t))T .
It follows that
dS(t) = {α(t, r(t))S(t)+ L(t)[α(t, r(t))− µ(t, r(t))] + B(t)M(t)}dt
+
n−
j=1
[λj(t, r(t))M(t)− L(t)ν j(t, r(t))]dW j(t),
S(0) = X(0)− ℓ0,
dL(t) = L(t)µ(t, r(t))dt +
n−
j=1
L(t)ν j(t, r(t))dW j(t),
L(0) = ℓ0.
(6)
Definition 2.2. An asset portfolio Z(·) is said to be an efficient portfolio if it is satisfying (13), such that the risk measured by
the variance of the terminal surplus, Var[S(T )] ≡ E[S(T ) − ES(T )]2, and there exists no other portfolio strategy Zˆ(·) such
that E[Sˆ(T )] ≥ E[S(T )], and Var[Sˆ(T )] ≤ Var[S(T )], with at most one equality holding.
Now our objective is to find an optimal efficient portfolio Z(·) such that the terminal surplus is maximized under a
constrained variance framework. The optimal portfolio selection is a constrained stochastic optimization problem, which
can be formulated as
maxZ(·)ES(T ),
subject to

Var[ES(T )] ≤ ι;
Z(·), S(·), L(·) ∈ L2F (0, T ; Rm)
(7)
where L(·) ∈ L2F (0, T ; Rm) is the set of all Rm-valued, measurable stochastic processes adapted to F .
Since the problem (7) is very difficult to solve directly, following the ideas of Zhou and Li [10], the problem can be dealt with
by introducing a mean-second moment optimization problem (auxiliary problem):
minZ(·)J(Z(·);ω, σ) = E[ωS(T )2 − σ S(T )],
subject to Z(·), S(·), L(·) ∈ L2F (0, T ; Rm) (8)
where the parameters ω > 0 and−∞ < σ < +∞.
3. Optimal control policy
In order to obtain the optimal portfolio strategy, we solve a general stochastic LQ problem, which can derive the special
case of the general LQ problem which we need to consider.
3.1. General LQ problems
Now we consider a general stochastic LQ problem. At first consider a system of stochastic differential equations:
dχ(t) = [A1(t, r(t))χ(t)+ A2(t, r(t))Z(t)+ A3(t, r(t))y(t)+ A4(t)]dt,
+
n−
k=1
[ak1(t, r(t))χ(t)+ ak2(t, r(t))Z(t)+ a3(t, r(t))y(t)+ ak4(t, r(t))]dW k(t),
χ(0) = χ0,
dy(t) = y(t)C(t, r(t))dt +
n−
k=1
[ck(t, r(t))y(t)]dW k(t),
y(0, i) = y0(i)
(9)
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where
A1(t, r(t)), ak1(t, r(t)) ∈ Rn×n; A2(t, r(t)), ak2(t, r(t)) ∈ Rn×m; A3(t, r(t)), ak3(t, r(t)) ∈ Rn×n1;
A4(t, r(t)), ak4(t, r(t)) ∈ Rn; C(t, r(t)), ck(t, r(t)) ∈ Rn1×n1
while Z(·) is a control term, and Z(·) ∈ L(0, T ; Rm) (m-dimensional filtered probability space).
For each Z(·) ∈ L2F (0, T ; Rm), the corresponding cost function is
J(Z(·)) = E
∫ T
0
[
1
2
χ T (t)K1(t, r(t))χ(t)+ 12Z
T (t)K2(t, r(t))Z(t, r(t))+ 12y
T (t)K3(t, r(t))y(t)
+ yT (t)K4(t, r(t))χ(t)
]
dt + 1
2
χ T (T )P1χ(T )+ 12y
T (T )P2y(T )+ yT (T )P3χ(T )

(10)
where P1 ∈ Rn, P2 ∈ Rn1, P3 ∈ Rn1×n.
3.2. Solutions to general LQ problems
Lemma 3.1. Let C2×1(Rn × R+ × S;R+) denote the family of all non-negative functions V (x, t, i) on Rn × R+ × S which are
continuously twice differentiable in x and once in t. If V ∈ C2×1(Rn × R+ × S;R+), define an operator LV from Rn × R+ × S
to R by
LV (x, t, i) = Vt(x, t, i)+ Vx(x, t, i)f (x, t, i)+ 12 trace[g
T (x, t, i)Vxx(x, t, i)g(x, t, i)] +
N−
j=1
γijV (x, t, j). (11)
Theorem 3.2. If there exist solutions D(t, r(t)), F(t, r(t)), Q (t, r(t)), φ(t, r(t)), ϕ(t, r(t)) that satisfy the following equation:
dD(t, i)
dt
= −K1 − 2D(t, i)A1(t, i)−
n−
k=1
ak1
T
D(t, i)ak1 −
N−
j=1
γijD(t, j)+ ξ Tψ−1ξ,
D(T , i) = P1(i),
dF(t, i)
dt
= −K2 − F(t, i)C(t)− F T (t, i)C(t)− 2Q (t, i)A3(t)−
n−
k=1
ak3
T
(t)D(t, i)ak3(t)
−
n−
k=1
Ck
T
(t)Q (t, i)ak3(t)− 2
n−
k=1
Ck
T
(t)F(t, i)Ck(t)−
N−
j=1
γijF(t, j)+ δTψ−1δ,
dQ (t, i)
dt
= −K3 − Q (t, i)A1(t, i)− CT (t, i)Q (t, i)− A3TD(t, i)−
n−
k=1
Ck
T
Q (t, i)ak1
−
n−
k=1
ak3
T
D(t, i)ak1 −
N−
j=1
γijQ (t, j)+ δTψ−1ξ,
F(T , i) = P2(i), F(t, i) ∈ Rn2×n2 , F T (t, i) = F(t, i)
ψ =
n−
k=1
ak2
T
D(t, i)ak2,
ξ = AT2D(t, i)+
n−
k=1
ak2
T
D(t, i)ak1,
δT =
n−
k=1
ak3
T
D(t, i)ak2 + Q (t, i)A2 +
n−
k=1
ck
T
Q (t, i)ak2,
ηT =
n−
k=1
ak4
T
D(t, i)ak2 + ϕTA2,
dφ(t, i)
dt
= −
n−
k=1
ak4
T
D(t, i)ak3 − A4Q T (t, i)−
n−
k=1
ak4
T
Q (t, i)ck − ϕTA3 − φTC + ηTψ−1δ −
N−
j=1
γijφ(t, j)
φ(T ) = 0,
dϕ(t, i)
dt
= AT4D−
n−
k=1
ak4
T
Dak1 − ϕA1 + ηTψ−1ξ −
N−
j=1
γijϕ(t, j),
ϕ(T ) = 0
(12)
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then the stochastic LQ problem (9) and (10) has an optimal control
Z∗(t, r(t)) = −ψ−1(ξχ(t, r(t))+ δy(t, r(t))+ η). (13)
Furthermore, the optimal cost functional is
J∗(Z(·)) = E
∫ T
0

ϕTA4(t)+ 12
n−
k=1
ak4(t)
T
D(t, r(t))ak4(t)−
1
2
ηTψ−1η

dt
+ 1
2
χ T0 D(0)χ0 +
1
2
yT0F(0)y0 + yT0Q (0)χ0 + φT (0)y0 + ϕT (0)χ0. (14)
3.3. Solution to auxiliary problem
Now consider the cost function E[ωS(T )2 − σ S(T )] in (8). In order to get the form of J(·) in (10), we make the
transformation, let χ(t) = S(t)− σ2ω , then the auxiliary problem is equivalent to the following formula:
min E[ωS(T )2 − σ S(T )] = min E
[
ω

S(T )− σ
2ω
2]+ σ 2
4ω
= min E[ωχ(T )2] + σ
2
4ω
.
Theorem 3.3. Making the transformation χ(t) = S(t)− σ2ω , the optimal portfolio selection is given by
Z∗(t, i) = −

n−
k=1
λk
T
(t)λk(t)
−1
·
[
BT (t)S(t)+ BT (t)

ϕ(t, i)
D(t, i)
− σ
2ω

+

n−
k=1
λk(t)
T
νk(t)

Q (t, i)
D(t, i)
− 1

+ B(t)Q (t, i)
D(t, i)

L(t)

(15)
where
D(t) = 2 · e−
 T
t ρ(s)dsω∗, D(t) = (D(t, 1),D(t, 2), . . . ,D(t,N))T , ω∗ = (ω, ω, . . . , ω)T ; (16)
ρ =

ϱ − γ11I −γ12I · · · −γ1N I
−γ21I ϱ − γ22I · · · −γ2N I
...
...
. . .
...
−γN1I −γN2I · · · ϱ − γNN I
 , ϱ = BT

n−
k=1
λk(t)
T
λk(t)

B− 2α(t)
Λ1 =

∆1 − γ11I −γ12I · · · −γ1N I
−γ21I ∆1 − γ22I · · · −γ2N I
...
...
. . .
...
−γN1I −γN2I · · · ∆1 − γNN I
 , Λ2 =

∆2 0 · · · 0
0 ∆2 · · · 0
...
...
. . .
...
0 0 · · · ∆2

Q(t) = −
∫ T
t
Λ2(s)D(s)e−
 s
0 Λ1(r)drds

· e
 t
0 Λ1(s)ds, Q(t) = (Q (t, 1),Q (t, 2), . . . ,Q (t,N))T ; (17)
∆1 = −α(t)− µ(t)+

BT (t)+
n−
k=1
λk
T
(t)νk(t)

n−
k=1
λk
T
(t)λk(t)
−1
B(t),
∆2 = −α(t)+ µ(t)−

n−
k=1
λk
T
(t)νk(t)

n−
k=1
λk
T
(t)λk(t)
−1
B(t),
G(t) = −
∫ T
t
Λ4(s)D(s)e−
 s
0 Λ3(r)drds

· e
 t
0 Λ3(s)ds, G(t) = (ϕ(t, 1), ϕ(t, 2), . . . , ϕ(t,N))T ; (18)
∆3 = −α(t)+ BT (t)

n−
k=1
λk
T
(t)λk(t)
−1
B(t), ∆4 = −α(t) σ2ω .
Combining (15)–(17) and (18), we get the desired result about the optimal solution.
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4. Special case
In this section, we consider some special cases, including single-state and without liability. Since they are special cases
which we discuss in the previous sections, we can obtain all the results easily.
4.1. Single-state
In the special case, N = 1, namely, γij = 0, from (15), we have
Z∗(t) = −

n−
k=1
λk
T
(t)λk(t)
−1
·

B(t)S(t)+ B(t)

ϕ(t)
D(t)
− σ
2ω

+

n−
k=1
λk(t)
T
νk(t)

Q (t)
D(t)
− 1

+ B(t)Q (t)
D(t)

L(t)

(19)
with
D(t) = 2ω · e−
 T
t ϱ(s)ds, Q (t) = −
∫ T
t
2ω∆2(s) · e−
 T
t ϱ(r)dr · e−
 s
0 ∆1(r)drds

· e
 t
0 ∆1(s)ds. (20)
Further, we can deduce the expression of Q (t)D(t) for simplicity.
Q (t)
D(t)
=
dQ (t)
dt · D(t)− Q (t) · dD(t)dt
D2(t)
= ∆1(t)Q (t)D(t)+∆2(t)D
2(t)− Q (t)ϱD(t)
D2(t)
= (∆1(t)− ϱ(t)) · Q (t)D(t) +∆2(t) = −∆2(t) ·
Q (t)
D(t)
+∆2(t). (21)
It follows that
Q (t)
D(t)
= 1− e
 T
t ∆2(s)ds
= 1− exp

∫ T
t
−α(s)+ µ(s)−  n−
k=1
λk
T
(s)νk(s)

n−
k=1
λk
T
(s)λk(s)
−1
B(s)
 ds
 . (22)
In a similar way, we can obtain ϕ(t)D(t) = σ2ω · (1− e−
 T
t α(s)ds).
4.2. Without liability
In the special case, we have µ(t, r(t)) = νk(t, r(t)) = 0, L(t, r(t)) = 0, and from (15), we obtain
Z∗(t, i) = −

n−
k=1
λk(t)λk
T
(t)
−1
BT (t)

S(t, i)+ σ
2ω

. (23)
Furthermore, from the previous section, we have E(S(T )) = χ0e
 T
0 ε
E
1 (t)dt+H2(T ), whereH2(T ) = σ2ω ·
 T
0 E[h(t, r(t))]dt,
h(t, r(t)) = [∑nk=1 λk(t, r(t))λkT (t, r(t))]−1B(t)BT (t) · e Tt [−(∑nk=1 λk(s)λkT (s))−1B(s)BT (s)]ds.
5. Conclusion
In this paper, we investigate the optimal portfolio selection problem with liability under a Markov regime switching
model.Wehave applied the stochastic linear quadratic framework and obtain an analytical optimal selection. For the general
LQ model, many problems can be further studied in future research. An interesting problem deserving further research is
the one with transaction costs taken into consideration, for this is much more practical in the real market. The solution of
the general LQ problem which we have addressed will play a critical role in our further research.
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